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The radiation of elliptical and bicylindrically focused piston 
transducers 
R.B. Thompson, T.-A. Gray, J. H. Rose, V. G. Kogan, and E. F. Lopes 
Ames Laboratory, Iowa State University, Ames, Iowa 50011 
(Received 22 January 1987; accepted for publication 18 July 1987) 
Expressions for the radiation of elliptical and bicylindrically focused piston transducers are 
derived within the Fresnel approximation. For the axial fields, the result takes the form of 
either a simple analytical expression (small perturbations from the circular piston case), a 
single quadrature in a real variable (unfocused and some focused cases), or a single quadrature 
in a complex variable (near focal points). The full fields are represented by a series of 
localized, Gauss-Hermite eigenfunctions. Numerical examples are used to illustrate the 
agreement of the two solutions for on-axis fields and to shed light on questions of the 
convergence and the selection of initial scaling parameters of the Gauss-Hermite expansion. 
PACS numbers: 43.20.Rz, 43.88.Ar 
INTRODUCTION 
The radiation of a circular piston into a fluid has been 
studied exhaustively in both the frequency and time do- 
mains. 1'2 This great interest is due in no small part to the 
technological importance of circular transducers in a num- 
ber of different engineering applications. Considerable at- 
tention has also been given to the focusing of this radiation 
by axially symmetric lenses. 3'4 
This article treats the radiation of elliptical and bicylin- 
drically focused transducers located in motionless baffles. In 
Sec. I, it is shown that, within the Fresnel approximation, the 
axial pressure variation for both of these cases can be ex- 
pressed in terms of a universal function of two variables. For 
the unfocused elliptical piston, these arguments can be sim- 
ply interpreted in terms of the nearfield and farfield dis- 
tances that would be associated with the major and minor 
axes of the transducer. In the general case, a single quadra- 
ture is required to evaluate the universal function. For the 
case of small deviations from axial symmetry or farfield be- 
havior, a simple analytical limit is approached. For focused 
cases, the numerical evaluation of the quadrature may be 
complicated by rapid phase fluctuations of the integrand. An 
integration path in the complex plane is reported that re- 
moves these numerical difficulties. Results of computations 
illustrate how the series of on-axis nulls in the radiation of 
circular piston transducers are modified as the ellipticity of 
the probe increases. 
For the off-axis case, such analytical simplifications 
have not been found. However, representation of the fields as 
an expansion of Gauss-Hermite solutions to the wave equa- 
tions is a computationally attractive approach. In Sec. II, the 
basic equations are derived, followed by a discussion of the 
influence of certain initially selected scaling parameters on 
the convergence of the Gauss-Hermite series. 
In Sec. III, the predictions of the Gauss-Hermite meth- 
od are numerically tested for the on-axis pressure distribu- 
tion. The results are in good agreement with those predicted 
by the methods of Sec. I and shed light on the question of 
convergence. 
Conclusions are presented in Sec. IV. In addition to in- 
creasing the understanding of the radiation of elliptical or 
bicylindrically focused transducers into fluids, the results 
provide a foundation for studies of beam modifications by 
refraction at liquid-solid interfaces. 
I. AXIAL FIELDS 
A. General formalism 
Consider a planar, elliptical piston, as shown in Fig. 1. If 
this is placed in a motionless baffle and radiates into a fluid 
with a spatially uniform peak sinusoidal velocity Vo (the 
time dependence d w' is assumed throughout this article), the 
radiated sound pressure œ is given by 
Here, p is the fluid density and the velocity potential •b is 
computed from the expression • 
= •dx. dy.. (2) 
2•r • r 
transducer 
face 
Also, k is the wave vector and 
r= [ (x --x.) 2 + (y-- y.)2 + Z2] 1/2 (3) 
is the distance from the point (x.,y.,O) on the transducer 
face to the observation point (x,y,z). 
In the Fresnel approximation, one considers z much 
y 
o x 
(x o , Yo,O) 
FIG. 1. Geometry of elliptical piston source. 
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greater than the transverse coordinates of the field and ob- 
servation points. In the exponential, one approximates 
r_•z + [ (X -- Xa )2 -[- (y -- ya )2]/22, while in the denomi- 
nator, r_•z is used. Substitution into Eq. ( 2 ); use of identities 
of the form 
= du exp u - . , 
• zA 
where A is the wavelength; and combination with Eq. (1) 
allow the radiated pressure to be expressed as 
p -- poe - •,z du dv A (u,v) 
X exp[firzA (u 2 + v 2) ] exp[ -j2•r(ux + vy) ], 
where 
(4) 
dx a dy a exp [j2v'( ux, +/9Ya ) ]' (5) 
transducer 
face 
Here, Pc = pc Vo is the peak pressure associated with the 
plane wave that would be radiated if the transducer had infi- 
nite radius and c is the ultrasonic wave speed. In this form, 
the pressure is represented as an angular•spectrum of plane 
waves, each having complex amplitude A and propagating 
with direction cosines [Au, Av, 1 - (//2 _+_ /92)2 2/2]. The ar- 
guments u and v are spatial frequencies in the plane trans- 
verse to the propagation direction. 
B. Radiation of an elliptical piston 
For the elliptical piston shown in Fig. 1, evaluation of 
Eq. (5) yields 
,•(U,V) : abJl{2• [ (au 2) + (b/9)211/2}/ 
[ (au) 2 -'l- (b/9)2] 1/2, (6) 
where J1 is the ordinary Bessel function of the first kind, 
order 1. Substitution of Eq. (6) into Eq. (4), transformation 
to the variables q - [ (au) 2 + (by)2] 1/2 and 0 = tan-l(bv/ 
au), and evaluation on the beam axis (x = y = 0) lead to 
p(z) =po e-•'z dO dq Jl(2•q) 
X exp••rq2[(½)cos 0+ (•-Z)sin 20 ]]. 
(7) 
The second integral can be evaluated exactly, with the result 
p =poe-•'•Co(S, AS), (8) 
where 
Co(S, AS)= • 1--cos +AScos20 
+ AS cos 20 ' 
S = «(zA/a 2 + zA/b 2), (10) 
AS = «(z,• /a 2 -- z,• /b 2). ( 11 ) 
Note that S and AS have a simple physical interpretation. 
For a circular transducer of radius a, zA/a 2 is the propaga- 
tion distance measured in units of the nearfield transition 
point a2//•. Diffraction-induced changes in beam param- 
eters are usually expressed as a function of this distance. For 
the elliptical case, the parameter $ defined in Eq. (10) is the 
average of this normalized distance computed from the ma- 
jor and minor axes. Here, AS is one-half of the difference. 
Note that Co is independent of the sign of AS and that 
laS/S I = e2/(2 --e2), (12) 
where e is the eccentricity of the elliptical transducer. There- 
fore, the axial pressure depends only on the average normal- 
ized distance $ and the eccentricity of the transducer. 
In general, Co($,AS) must be evaluated by numerical 
integration. In some of the following analyses involving 
lenses, I AS/S[ can exceed 1, which leads to infinitely rapid 
oscillation of the integrand of Eq. (9). Some of the details of 
numerical schemes to overcome this problem appear in the 
following sections. Here the opposite limit will be consid- 
ered. 
When I AS IS I< 1, or ](b 2 __ a2)/(b 2 _•_ a2) l < 1, it has 
been previously shown that the argument of the trigonomet- 
ric functions can be expanded as a Taylor series in AS/$, and 
the first two terms of the resulting expression can be inte- 
grated exactly. The result is 6 
Co (S, AS) -• 1 -- e-J('r/S)do(•AS/S 2), (13) 
where Jo is the zeroth-order Bessel function of the first kind. 
Note that when AS = 0, this reduces to the familiar expres- 
sion for circular piston source radiation on axis, having a 
series of nulls in the nearfield. If the piston is not circular, 
AS • 0. In this case, Jo •: 1 and the nulls become imperfect 
and shift in frequency. 
A deficiency of Eq. (13) is that it does not reproduce the 
correct farfield behavior since, for large $, one expects 
C•firab/zA. This limitation can be overcome by an alterna- 
tive approximation that is valid in both the farfield limit •r/ 
$,• 1 and the small ellipticity limit AS/$,• 1. The derivation 
is accomplished by expanding the periodic function 
[ 1 + (AS/S) cos 20]-1 as a Fourier series 
- • cos 20 = Z an COS 2nO (14) $ 
over the interval 0--. rr. From standard integral tables, 7it can 
be shown that 
ao- [ 1 -- (•/$)2]-1/2, 
an =2ao(. [1 - (•S'/$)2] 1/ -(A /S) 
from which it can be seen 
(15a) 
1.)", n>0, (15b) 
that a n c• [ (AS/$) n 
+ higher-order terms]. Using the explicit forms given for $ 
and AS in Eqs. (10) and ( 11 ), one finds 
ao = •(b /a + a/b), (16a) 
a n = 2ao[ (a -- b)/(a + b) ]n. (16b) 
When the first two terms of Eq. (14) are inserted into Eq. 
(9), the integrals can again be evaluated analytically, with 
the result 
Co = 1 -- exp[ --j(rrao/S)]Jo(rral/$) q- O(AS/$) 2. 
(17) 
Utilizing Eqs. (10), ( 11 ), and (16), Eq. (17) can be rewrit- 
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ten in the Form 
Co--• 1 -- exp[ -j(rcab/zA) ] 
XJo{(2rcab/zA)[(a -b)/(a + b)]•. (18) 
When a = b or AS = 0, Eqs. (13) and (18) reduce to the 
circular piston result. Both can be considered as approxima- 
tions of the same order in (AS/S), since they omit terms of 
order (AS/S) 2 = [ (b 2 - a •) / (b • q- a •) ] • and higher. 
However, the implicit inclusion of some of the higher-order 
terms in AS ?S, via the expression for a•, causes Eq. (18) to 
correctly reproduce the farfield limitjrrab/zA for any finite 
AS/S. Hence, Eq. (17) or ( 18 ) is valid for any S in the limit 
AS/S• 1 and for any finite AS/S if rr/S• 1. Figure 2 illus- 
trates these changes by plotting Co(S, AS) for various ratios 
of AS ?S. Included are both the approximate predictions of 
Eqs. (13) arid (17) and the results of a numerical integra- 
tion of Eq. (9). The increasing breakdown of Eq. (13) as 
AS ?Sincreases and the improvement offered by Eq. (17) are 
evident. 
C. Modifications of axial fields by bicylindrical lenses 
1. Effects of lens 
To compute the changes in axial fields induced by a lens, 
the procedures used in the analysis of coherent optic systems 
will be employed. Consider the general problem illustrated 
in Fig. 3(a), in which a bicylindrical lens is placed in the 
radiation field of an elliptical piston. Two mathematical 
transformations must be combined to develop a solution. 
One must describe both the changes induced in the fields by 
propagation between pairs of planes of observation, Fig. 
3 (b), and those induced by propagation through a lens, Fig. 
3(c). 
The thin lens approximation will be used to model the 
changes induced in the field by the lens [see Fig. 3 (c) ]. In 
this approximation the incident scalar field distribution 
p(x,y•- ) is transformed into a transmitted distribution 
p(x,y• q- )=p(x,t•-- )T 
X exp[jrr(x2/AF• + y2/AF2) ], (19) 
2.0 (a) 
1.6 
•ø0.8 
0.4 
0 0.4 0.8 1.2 1.6 2.0 
2.0 
(c) 
1.6 
0.8 
O.4 
I I I I 
oO ø ø o 
Oo •,• • 
I i I I 
0 0.4 0.8 1.2 1.6 2.0 
2.0 
1.6 
1.2 
(b) 
I 2.0 
1.6 
1.2 
0.4 
(d) 
, i i I i i I 
0 0,4 0,8 1,2 1,6 2,0 0 0,8 1,2 
S S 
FIG. 2. Comparison of the exact [Eq. (9),--] and approximate [Eq. (13), '-- ß Eq. (17), ---] forms of Co (S, AS) for foui' values of AS IS. 
I i i i ß o ß 
½: t/ "---' zs/s :o.5 I 
i I 
0.4 1.6 2.0 
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(a) 
FIG. 3. Geometries relevant to focusing calculations. (a) Transformation 
relating focused pressures on two parallel planes; (b) transformations relat- 
ing pressures on two parallel planes; and (c) transformations describing 
effects of lens on pressure. 
where T is a constant transmittance and Fa and F2 are focal 
lengths in the x-z and y-z planes, respectively. For a spheri- 
cal lens, Fa = F2, whereas either Fa or F2 is infinite for a 
cylindrical lens. In this article, it will be assumed that the 
lens aperture is sufficiently large that it does not truncate or 
apodize the beam. 
2. Effects of propagation 
Again, the coherent optics approach within the Fresnel 
approximation is followed. It is consequently assumed that 
the fields that have propagated from the plane z = z o to the 
plane z = Zl, as illustrated in Fig. 3(b), are related by the 
convolution 
p(x,y,z• ) = exp[ -jk(z• - zø) ] f ; dxo f ; dyo 
-jX (z• - Zo) oo oo 
X [p (xo,Yo,Zo) 
( --j•[ (X -- X0)2 -[- (Y -- y0)2])] Xexp , A(z• --z o) ' ' 
(20) 
as derived by Goodman. s 
The previously used Fresnel approximation for the radi- 
ation by a piston can be shown to be a special case of Eq. (20) 
by the following argument. If one replaces p (xo,Yo,Zo) in Eq. 
(20) by pc Vo over a finite area, then the result is identical to 
that obtained when the Fresnel approximation is used in 
Eqs. ( 1 )-(3). From a rigorous point of view, this substitu- 
tion in Eq. (20) should predict the radiation of a constant 
pressure source rather than a constant velocity source. Al- 
though the exact solutions for these two problems differ in 
detail in the nearfield, the solutions in the Fresnel approxi- 
mation are identical. Hence, the use of Eq. (20) is consistent 
with the prior analysis for piston sources. 
3. Effects of le.,:,._ 
Consider the geometry shown in Fig. 3 (c), with the 
transducer located at z = 0 and the lens z = D. The fields 
leaving the transducer are described by Eqs. ( 1 )-(18). At 
the lens, they are modified in accordance with Eq. (19) and 
they then propagate further, as predicted by Eq. (20). 
Rather than perform the computation following this 
prescription, it will be more convenient to again follow 
Goodman sand derive the relationship between the fields in 
two planes when a lens is placed between them. Let 
.•(Xo,Yo•o) represent he fields that would exist in the plane 
z = Zo were the lens not present and suppose that the lens is 
placed at the position z = D. By sequentially applying Eqs. 
(20), ( 19 ), and (20), it follows that 
p(x,y,z• > D) = -- 
_jrr(x2 q_ y ) )exp[ --jk(z• -- Zo) ] T exp I A 2(D -- 7 o) (z• -- D) A(z• -- D) 
X dxo dyo • (xo,Yo,Zo) exp • A (D -- Zo) '
X dxz. _o dyz. exp[ (D--zo) 1 ,)] (Z 1 --D) 
1 1 ,)] X exp[ (J••') ()•2 (D--zo)--(z•--D) 
Xexp[ETL)((D--zo) q- z 1D) (D--zo) (Zl--D) _ exp[[, A )( Yo q_ ,)]. (21) 
4. Focusing by a spherical lens 
For a spherical lens, F• = F2 = F. For a desired plane of observation Zl, it is convenient to select Zo in accordance with the 
thin lens law 
1 1 1 
+ . (22) 
F (D--zo) (z• --D) 
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This causes the exponents proportional tox2• andy2• in Eq. (21 ) to vanish and the xL andyL integrals in (21 ) to become delta 
functions. Equation (21 ) reduces to the form 
p(x,y,z• > D) = -- FT (Zl -- D -- F) '--Jk(zl -- D)2 exp , exp (zl -- D -- F) 2(Zl -- D -- F) 
(Z 1 --D)F 
(z 1 --D--F) (23) 
p(0,0,Z 1 > D) = 
This result is familiar from imaging theory. The leading fac- 
tor [F/(zl -- D -- F) ] -- (D -- Zo)/(zl -- D) is the magnifi- 
cation. The transverse phase factor enters to describe the 
curvature of the focused wave fronts. The pressure field is 
transformed in accordance with the normal laws of geomet- 
rical acoustics. 
For the case Of axial fields, combinations of Eqs. (8) and 
(23) lead to the result 
-- FTpo -i•,z, e 
(Zl --D--F) 
X•o[ IO(Zl--•'--Zl•l• ( 1 5) 2(Z 1--D--F) •-• + ' 
(1 1)] [D(zl--D)--ZlF]A'•2 b2 ' 2(Zl - D -- F) 
(24) 
For the case of a spherical transducer (a = b) with an adja- 
cent lens (D = 0), this function greatly simplifies. The lead- 
ing singularity at Zl = Fis removed by the behavior of Co for 
large arguments, and one finds 
lim Pcirc =jpoT( rra2/AF)e -•, (25) 
z--.. F 
as expected. Other properties of Eq. (24) that have been 
previously reported for circular pistons are the fact that the 
excess phase (beyond the e-ikz factor) passes from 0 to rr as 
one goes through a focus and that the maximum pressure 
occurs somewhat closer to the transducer than the point of 
geometrical focusing. The latter is a consequence of the 
greater importance of diffraction-induced beam spreading in 
the acoustic, as compared to the optical, case. The general 
behavior near the focal points and numerical examples will 
be discussed subsequently. 
I 
In the utilization of the above formulas, it is not unusual 
for Eq. (22) to predict virtual object planes with Zo > D or 
Zo < 0. In either case, the formulas hold as written. This can 
be most easily understood by examining Eq. (4), the expres- 
sion for the pressure in the absence of the lens. Within the 
Fresnel approximation, this is a solution of the wave equa- 
tion for all z. The fields predicted for negative z are those that 
would have had to exist, in the absence of the transducer, in 
order to produce the real fields for positive z. Similar com- 
ments apply to the use of Eq. (20), which can be most easily 
seen by casting it in a form analogous to that of Eq. (4) 
through the use of the same identities. 
5. Focusing by a bicylindrical lens 
For the more general case of a bicylindrical ens, F1%F2, 
the approach in Sec. I C 4 breaks down since one cannot 
select a value of Zo for which both of the exponentials, qua- 
dratic in x2• and y2•, vanish simultaneously in Eq. (21 ). Con- 
sider the case in which Zo has been selected in accordance 
with Eq. (22), with F replaced by Fl. In this case, the x• 
integral in Eq. (21 ) leads to a delta function and the y• 
integral can be evaluated using standard integral relation- 
ships. The result differs from the spherically focused case in 
that the fields in the image plane are determined by a line 
integral of the fields in the object plane rather than being 
simply related to the fields at a particular point. The line 
integral cannot, in general, be evaluated in closed form. 
However, for the axial fields it can be placed into the same 
form as the integral encountered in the analysis of the axial 
fields of the unfocused elliptical piston. In particular, when 
Eqs. (4) and (6) are used to describe ,• and one considers 
only the axial fields, it is found, by using standard integral 
tables, 7that 
•o• ( --jrry(•[FIF2-+- ('D--Zø)(F1--F2)]) (26) X dyo e -J2•yø exp . A (D -- Zo)2(F1 - ) ' ' 
where the leading square root must be interpreted as having a phase of q- rr/4 depending on whether the argument is _j. 
Theyo integral may be evaluated in closed form using standard integral tables. 7After transforming again to the variables 
q = [ (au) 2 -3- (bo)2] 1/2 and 0 = tan -1 (bv/av), the q integral can also be evaluated with the result 7
/ ( p(O,O,Zl) =--pot D-- 21 •) 4 ElF2 exp ( -- jk21 ) FiF 2+ ( D -- Zo ) ( 1 -- F2 ) Co ( A,B ) , (27) 
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where 
(D -- zo)2(F• -- F2)A ) 
(D -- zo)2(F• -- F2)A r• F2 + •-l•--•'•ii• -- 2)b 2 ' (29) 
Inspection of Eqs. (27)-(29) suggests thativ is not invariant under the interchange ra and F• for b and F2. This apparent 
difficulty is removed by explicitly including the dependence Of Zo on Fl. Removal Of Zo using Eq. (22) with F = F• leads to the 
form 
FiF2 p= (0,0,z 1 )= --peTe exp( -jkz 1 ) (Z 1 --D-- 1)(Zl--D--F2) Co ( A ,B ) , (30) 
where 
A = Azm/2a 2 + AZo2/2b 2, (3 la) 
B = AZo•/2a 2-- AZo2/2b 2, (31 b) 
ZO1 = (Dzl -- D 2 -- Zlml)/(z 1 -- D -- El), (31c) 
Zo2 = (Dz• -- D 2 -- zlm2)/(z I -- D -- m2). (31d) 
Here, Zo• and Zo2 are the solutions of Eq. (22), with F re- 
placed by F• and F2, respectively. For a given observation 
(image) point z•, Zo• and Zo2 physically correspond to the 
object point that would be obtained using the x and y focus- 
ing individually. When F• = F2, Eqs. (30) and ( 31 ) reduce 
to Eq. (24) for a spherical ens. When F2-• •, the cylindri- 
cal lens is obtained and 
p(0,0,Zl) = --poTexp(--jkZl) 4 -- F• z I --D--F 1 
X Co(A [Zl(D -- F•) -- D 2] Az• ' 2(Zl -- D -- F•)a 2 { 2b 2 ' 
A [z• (D -- F•) -- D 2] Az• ) 2(z• - D--F•)a 2 •« . (32) 
D. Numerical evaluation of Co near focal points 
For [AS/S I< 1, Eq. (9) can be evaluated straightfor- 
wardly by numerical quadrature. However, difficulties may 
be encountered when I AS/S I •> 1, since the argument of the 
trigonometric functions will vary rapidly for certain values 
of 0. These difficulties can be overcome by integrating along 
an appropriate contour in the complex plane, as discussed in 
this section. 
Equation (9) for Co is first rewritten in the form 
Co(A,B) = 1 I I = dO er(a) 
f(O) = -j[•r/(A + B cos 20)]. (33) 
Numerical evaluation of the integral I is complicated by es- 
sential singularities of the integrand at the points where 
A + B cos 20 = 0. Transformation of the integral to a form 
better suited to numerical work is therefore required. 
As a first step, the integral is transformed to the complex 
plane through the substitution u = exp(j0), with the result 
I= -jf du er(U). (34) u 
The integration contour is shown in Fig. 4. It is the unit 
circle, centered at the origin of the u plane and traversed in 
the counterclockwise direction. As a matter of convenience, 
the case of a circular transducer, immediately followed by a 
cylindrical ens, will be considered explicitly. From Eq. 
(31 ), the parameters A and B can be expressed in terms of 
the focal distance F and the distance z from the piston along 
its axis' 
Az(2F- z) A= 
2a2(F -- z) 
It then follows that 
,•,z 2 
, B= . (35) 
2a2(F -- z) 
rra2 (F -- z) f(u) = --« . (36) 
FzA [ 1 + z(u -- u-•)2/4F] 
The denominator off vanishes at the points 
ui = q- x/1 - F/z +ix/if/z, i= 1,2,3,4, (37) 
which are shown in Fig. 4 by the open circles for z < Fand by 
the filled circles for z > F. Once again, the straightforward 
numerical integration is impossible for z > F if one moves 
along the unit circle: expf(u) oscillates with a divergent 
frequency as one approaches the filled circles. Even for z <• F, 
the integral is hard to treat numerically due to the proximity 
of the integration path to the open circles. ' 
Im(U) 
',l/' 'x•/', Re(U) 
// 'x(l = _• 
/( \x 
FIG. 4. Complex integration path required to avoid essential singularities 
and minimize oscillations of the integrand of Co. 
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It is therefore necessary to deform the contour to avoid 
the filled circles and minimize the effect of the open circles. 
It is shown in the Appendix that the square contour with 
vertices in points u = q- 1 and u = _+j perfectly serves this 
purpose. 
Due to periodicity of the original integrand in Eq. (33), 
one needs to evaluate the integral in Eq. (34) at only one 
straight section of the square, e.g., on the line 
u(x) =x+j(1--x), (38) 
where x = Re u changes from 1 to 0. Thus 
fo dx I=4(1 +j) • exp0e[u(x) ]}. (39) u(x) 
By inspection of Eq. (9), it can be seen that the above 
argument can be readily generalized to arbitrary values of ,4 
and B, e.g., those given in Eq. (31 ) for the bicylindrical fo- 
cusing case. The result is the same as that given above, with 
Eq. (36) replaced by 
f(u) = -j 
A + B + B(u -- u-•)2/2 
The roots then occur at 
(4O) 
u, = + x[1 -- (A + B)/2B __+jx/(A + B)/2B , 
which falls on the unit circle when [B/,4 [>/1. 
(41) 
II. FULL FIELDS 
In attempting' to apply the previous formalism tothe 
evaluation of off-axis fields, the problem becomes consider- 
ably more difficult. The general result is given by Eq. (21 ), 
with ,• given by Eqs. (4) and (6). The dimensionality of 
integration can be analytically reduced from 6 to 4 following 
the above procedures. However, numerical evaluation of the 
remaining multiple integral is tedious, particularly if one 
wishes to examine beam profiles by performing the compu- 
tation at many field points. 
For the case of the circular piston, Cavanagh and 
Cook, 4 Cook and Arnoult, 9 and Cavanagh and Cook•ø have 
proposed an alternative approach based on an expansion of 
the radiated fields in a set of complete, orthogonal solutions 
to the wave equation. The particular set of functions chosen 
were the axially symmetric members of the Gauss-Laguerre 
functions, which are solutions of the wave equation, within 
the Fresnel approximation, which are localized by a Gaus- 
sian transverse variation. Because the widths spread in ac- 
cordance with the laws of diffraction, these solutions are 
ideally suited for use in the description of the propagation of 
transducer beams. For cases not having axial symmetry, 
Cook and Amoult 9 noted that one could use higher-order 
Gauss-Laguerre functions (polar coordinates) or Gauss- 
Hermite functions (rectangular coordinates) to represent 
the fields. However, no details or computations were report- 
ed. Here the Gauss-Hermite approach will be developed and 
applied to the problem of predicting the full fields of ellipti- 
cal and cylindrically focused pistons. In Sec. III, the results 
will be compared to those reported in Sec. I for the special 
case of axial variations. 
A. Gauss-Hermite solutions 
When the velocity potential is written in the form 
• = ½(x,y,z) expj(cot- kz), (42) 
then the function •b must satisfy the reduced differential 
equation 
•-ix2+•y 2 ½-- 2jk •zz = 8z 2. (43) 
½m 1 for a plane-wave solution. For beams with widths of 
several wavelengths, it is reasonable to suspect that ½ is suffi- 
ciently slowly varying such that 18 2•p/Sz21 ,•k and 
hence that the right-hand side of Eq. (43) can be neglected. 
This approximation is equivalent o the Fresnel approxima- 
tion, as can be seen by examining the functional form of 
plane-wave solutions of Eq. (43). 
Cook and Amoult 9 noted that a general disturbance 
could be expanded in a complete, orthogonal set of functions 
that satisfies Eq. (43). Cook and Arnoult 9 also gave explicit 
forms for these functions, which had the form of products of 
exponentials and associated Laguerre polynomials (polar 
coordinates) or Hermite polynomials (rectangular coordi- 
nates). In a series of articles, © the application of the polar 
coordinate formalism to the radiation of circular piston 
transducers and other problems with axial symmetry was 
examined. 
In the elliptical transducer problem, axial symmetry 
does not occur and the use of the Hermite polynomial form 
of the solution in rectangular coordinates has been selected. 
Furthermore, the selection of certain scaling factors has 
been generalized from that in the work of Cook and Arnoult 9
in a way that is believed to improve the convergence of the 
series. 
The nature of the Gauss-Hermite solution can be seen 
by noting that when q• is written in the form 
q•(x,y,z) = q•m (X,Z) q•n (y,z), then q•m must satisfy the dif- 
ferential equation 
82ki/m Ski/m 
2jk =0. (44) 8x 2 8z 
Equation (44) has the solution 
kII m (X,Z) (1/x[-•2mm!) 1/2__1/2 = ct x (z)H m [o• x (z)x] 
X exp[ -ikx2/2q,, (z) ] 
X exp{j'[ (2m + 1 )/• (z)]}, (45) 
where the parameters ax, qx, and/• are related by 
a• (z) = { - k Im[qff •(z) ] }•/2, (46) 
/• (z) = -•- -- tan , (47) (z) ] 
q• (z) = q• (0) + z, (48) 
and the Hm are the Hermite polynomials. A similar set of 
equations describes •n (y,z), which can be obtained by the 
substitution m -• n and x-•y. 
When m = n = 0, the Gauss-Hermite solution de- 
scribes the propagation of a Gaussian beam. Thus it is a 
bounded beam whose width w and positive (diverging) radi- 
us of wave front curvature change in accordance with the 
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laws of diffraction, i.e., 
w•,• (z) = •/a•,• (z), 
R•,• (z) = (Re [q•-•/(z)]}-', 
(49) 
($o) 
which is defined to be positive for diverging wave fronts. A 
detailed discussion of the properties of this solution has been 
given elsewhere. •1 
The higher-order terms (m,n •0) have oscillating 
transverse variations, as shown in Fig. 5. The total beam is 
thus synthesized from a set of elementary bounded beam 
solutions whose rate of transverse variation increases with 
the beam order. Note, however, that each of the solutions in 
Eq. (45 ) has the same values of a, q, and ]•, which are related 
to the beam width and wave front curvature through Eqs. 
(46)-(50). Once the initial value of the complex parameter 
q has been chosen, the subsequent spreading of all the eigen- 
solutions are defined simultaneously. The choice of the ini- 
tial value will be discussed shortly. 
The general solution, Eq. (42), for the scalar potential 
then has the form 
l•(x•y•) = E Cron kIIm (X•)ltln (Y•) exp[/(cot- kz) ]. 
m•n 
(51) 
Note that this useful separation of the x and y variations is 
made possible by the Fresnel approximation. 
Prediction of beam patterns requires knowledge of the 
coefficients Cmn. Orthogonality relations for the Hermite 
polynomials can be used to show that, if the potential •b is 
known on a plane, then 
N=O N--1 
O,i ]oC)• I I I I I I I It]oOC) I I I I I I I I I _• . 
ø 0 10 - '00-10 0 10 
N=?-- N=3 
1 .OO I 1 .OO 
O O 
- o lO lO o lO 
N=4 N=5 
o• 1.00 ,,I,Illl,• l'00•'ll,ll,,,J 
• o 
' ' I ' ' ' ' K•O l• ' ' ';' I ' '•]0 lO 0 -' -. 1 O0 
aX aX 
FIG. 5. Magnitudes of the transverse variations of the Gauss-Hermite func- 
tions 
Crq = exp [ - j( cot - kz ) ]J ' øø dx J'_ © dy 
X q• (x,y) q• (y•)•b (x,y•,t). (52) 
For the case of focusing by a bieylindrieal ens, Eq. (19) 
must be combined with the Gauss-Hermite expansion. In 
the general case, an expansion is first made for the fields 
radiated by the piston that defines the fields incident on the 
lens, p(x,y,z- ). From the output fields predicted by Eq. 
(19), p(x,y,z + ), a second expansion can be made to pre- 
dict the focused fields. When D = 0, i.e., the lens is adjacent 
to the transducer, the first step may be skipped. In the work 
that follows, all the integrals were evaluated numerically, 
with no attempt at obtaining analytical forms. 
The proper choice of the initial value of the parameters 
qx (0) and qy (0) has not yet been specified. As noted by 
Cavanagh and Cook, 4Cook and Arnoult, 9and Cavanagh 
and Cook, •ø the completeness of the Gauss-Hermite solu- 
tion is independent of this value so that, in principle, any 
value can be chosen. However, the rate of convergence may 
be strongly influenced by the selection of an initial value. 
Intuitively, one would imagine that qx (0) and qy (0) 
should be selected to match the widths and wave front curva- 
tures of the eigenfunctions to those of the actual beam. For 
planar pistons of radius a, Cook and Arnoult 9 have empiri- 
cally found that good convergence isobtained with the selec- 
tion a(O)a = 10 •/2. For other eases, one might wish to 
choose different values for a• and ay. Numerical examples 
in Sec. III will illustrate the generalization used in this work. 
III. NUMERICAL COMPARISON OF THE GAUSS- 
HERMITE AND AXIAL SOLUTIONS 
C•vanagh and Cook •ø have previously compared the 
axial pressure field predicted by the Gauss-Laguerre xpan- 
sion for a circular piston to that obtained when the Rayleigh 
diffraction integral was evaluated under the Fresnel approx- 
imation. Cavanagh and Cook •ø found excellent agreement in
the farfield. In the nearfield, it was deduced that many terms 
were required to describe the rapid variations in pressure. As 
the number of terms was increased, the region of agreement 
extended closer to the transducer. A series of numerical 
computations has been performed to determine how these 
results generalize for the Gauss-Hermite expansion of the 
fields of an elliptical or cylindrically focused piston trans- 
dueer. 
The Gauss-Hermite expansion was first tested for the 
axially symmetric eases by comparison to the results ob- 
tained by Cavanagh and Cook 4'•ø using the Gauss-Laguerre 
expansion. In addition to the different sets of basis functions 
employed, the two approaches can be distinguished by the 
means in which the coefficients are evaluated. In the present 
work, the Gauss-Hermite coefficients are evaluated by a nu- 
merical evaluation of Eq. (52). For the special ease of a 
circular piston, focused by a spherical ens, Cavanagh and 
Cook 4 were able to analytically relate the Gauss-Laguerre 
eoetticients of the focused radiation field to those of the 
original expansion in the absence of a lens. Despite these 
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differences, 81 X 81 term Gauss-Hermite expansions were 
found to give very similar results to those obtained with 100 
term Gauss-Laguerre xpansions for the cases treated in 
Figs. 2-4 of Ref. 4. 
The case of the prediction of the on-axis field of an ellip- 
tical piston was then considered. Figure 6 presents a com- 
parison of the Gauss-Hermite Eq. ( 51 ), and axial, Eq. (9), 
solutions for the axial fields of planar piston transducers 
varying from an aspect ratio of 1.1 (circular) to 0.5' 1. In 
each case rn and n in the Gauss-Hermite expansion ranged 
from 0-46 so that there were 47 X 47 terms in the series. The 
intial scaling parameter was selected according to the rela- 
tionship ax (0) = ay (0) = 10•/2b, where b= major adius 
of the transducer. As shown in Fig. 6(a) for the circular 
piston, excellent agreement occurs for $ > 0.3, with the er- 
rors of the Gauss-Hermite expansion increasing as $ de- 
creases toward zero. This result is in agreement with the 
observations of Cavanagh and Cook 1ø using the Gauss-Her- 
mite expansion. The incomplete nulls hown for the axial 
theory for small values of $ are an artifact of the plotting 
routine, which only calls for computations at discrete $ val- 
ues. The nearfield disagreement is most severe for this circu- 
lar case. As the ellipticity increases, Fig. 6(b)-(d), the true 
nearfield oscillations become less rapid and pronounced be- 
cause of the lack of complete interference and the Gauss- 
Hermite approximation becomes progressively better in this 
region. 
In the above calculations, the farfield agreement for 
$ > 1 appears excellent in all cases. This is explored in more 
detail, as influenced by the choice of the initial scaling pa- 
rameter a (0), in Fig. 7. Figure 7 (a) shows the results for the 
circular piston. The solid line is the prediction of Eq. (9), 
which is compared to the axial fields predicted by the Gauss- 
Hermite expansion for two cases. The dotted line shows the 
results for ax(0)=ay(0)= 10•/2a = 3.16/a. This is the 
condition found to give good convergence for the Gauss- 
Laguerre case by Cavanagh and Cook. •o The dashed line was 
computed for a• (0) = ay (0) = 1.89/a. This choice 
matches the Gaussian width to that which would best fit the 
farfield behavior if only one term was selected. • Good 
agreement is obtained using 41 X 41 terms of either. series, 
with slightly better results when a (0) = 3.16/a. Figure 
7 (b) presents the results for the 0.5:1 aspect ratio elliptical 
probe. In this case, the x and y scaling parameters were se- 
lected differently to match the semiaxes of the ellipse. Again, 
the solid line corresponds to Eq. (9), the dotted line to 
[a•(0)a] = [ay(O)b ] = 101/2= 3.16, and the dashed 
line to [a• (0)a] = [ay (0)b ] = 1.89, with the dotted line 
selection producing the best results. Figure 7 (c) presents the 
equivalent results for the 0.25:1 piston. In this case, a rapid 
oscillation develops in the solution of Eq. (9). This oscilla- 
tion is believed to represent interference of sources at the 
edges perpendicular to the thin dimension of the transducer 
(which is now becoming more like a strip than a circle). In 
2.5 ' 
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FIG. 6. Comparison of the predictions of Eq. (9) (--) and the axial fields of Eq. ( 51 ) ("') for elliptical pistons. The Gauss-Hermite solutions had 47 X 47 
terms and the initial value ax (0) = ay (0) = 101/2/b. (a) a/b = 1, AS/S = 0; (b) a/b = 0.9045, AS/S = 0.1; (c) a/b = 0.7738, AS/S = 0.3; and (d) a/ 
b = 0.5, AS/S = 0.6. 
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FIG. 7. Comparisons of the predictions of Eq. (9) (m) to the axial fields of 
Eq. (51 ) for elliptical pistons. The Gauss-Hermite solutions had 41 X 41 
terms and the initial.values of a,,(O)a--ay(O)b= 10 •/2 ('.') or 
a,,(O)a=ay(O)b--1.89 (---). (a) a/b= 1, aS/S--O; (b) a/b=0.5, 
AS/S = 0.6; and (c) a/b = 0.25, AS/S = 0.882. 
this case, neither of the choices of a is able to follow these 
rapid oscillations for the number of terms used due to the 
slow convergence of the series. Note, however, that the error 
for all cases is less than 4% when the selection 
[ ax (0) a ] = [ ay (0) b ] = 3.16 is made and the error only 
increases to 5% when 3.16 is replaced by 1.89. 
Figure 8 presents a comparison of predicted axial fields 
for the case of cylindrical focusing of the radiation of a circu- 
lar transducer by lenses of two different focal lengths. In 
each case 41 X41 terms are included, and the selections 
ax,y (0)a = 3.16 is made in the Gauss-Hermite xpansion. 
FIG. 8. Comparison of the predictions of Eq. (32) (--) to the axial fields of 
Eq. (51 ) ('.') for a cylindrically focused circular piston. The Gauss-Her- 
mite solutions had 41 • 41 terms and initial values of 
a,,(0) =aj,(0) = 101/2/a. (a) F•X/a2=0.372, F• = oo' and (b) 
F•X/a 2-- 0.744, Fy -- oo. 
From Eq. (46), it can be seen that this determines the imagi- 
nary part of the initial value ofq;- • and q;- •. For the focused 
case, q;- • and q;- • must also be assigned real parts. This has 
been accomplished by setting the two focal lengths F• and F2 
equal to the principal radii of wave front curvature and com- 
puting Re(qf- • ) and Re(q;- • ) in accordance with Eq. (50). 
The agreement shown in Fig. 8 between the axial and Gauss- 
Hermite theories is excellent. 
IV. CONCLUSIONS 
Two new approaches for computing the radiation from 
elliptical and bicylindrically focused transducers have been 
presented. Both make use of the Fresnel approximation. The 
first approach predicts the axial fields. Depending on the 
particular parameters of the computation, it can take the 
form of an analytical expression (small perturbations from 
the circular piston case), a quadrature in a single real vari- 
able (unfocused and some focused regimes), or a quadrature 
in a single complex variable (near focal points). The second 
approach makes use of a Gauss-Hermite expansion to pre- 
dict the full fields. A comparison of the two results shows 
excellent agreement for the common axial case. 
The Gauss-Hermite approach represents a generaliza- 
tion of the previous Gauss-Laguerre expansion of the fields 
of transducers with axial symmetry. 4'9'aø The present ap- 
proach differs in (i) the removal of the axial symmetry re- 
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quirement and (ii) numerical rather than analytical evalua- 
tion of the expansion coefficients. Similar convergence 
1o properties to those reported for the Gauss-Laguerre case, 
which depend on the selection of initial scaling factors relat- 
ed to beam width and wave front curvature, are found. An 
attractive feature of the Gauss-Hermite expansion, as op- 
posed to the higher-order form of the Gauss-Laguerre ex- 
pansion required in the absence of axial symmetry, is that it 
allows a separate selection of the scaling factors associated 
with the x and y directions. This is believed to improve the 
convergence properties. 
A strength of the Gauss-Hermite or Gauss-Laguerre 
approaches is the flexibility to treat more general types of 
sources. For example, the radiation patterns of axicons 12 
have recently been modeled by a Gauss-Hermite expan- 
sion. 13 The generality of the Gauss-Hermite approach is 
also the basis for the development of approximate solutions 
for the radiation patterns of beams refracted through planar 
and curved interfaces. Preliminary accounts have been re- 
ported elsewhere 6'13 and a more complete discussion is in 
preparation. 
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APPENDIX: SELECTION OF THE OPTIMUM PATH IN 
THE COMPLEX PLANE FOR THE STABLE NUMERICAL 
EVALUATION OF EQ. (34) 
The saddle points of Refand of Imf, wherede' (u) = 0, 
are readily found: u],2 = +j, ug,4 ---- q- 1. Let us look closer 
at the behavior off(u) in the small vicinity of, e.g., u] --j. 
We write u --j + e, e --/z +jr, and lel ,g 1. Then, we have 
(zX/rra2)f(jq-e) = --j[(1 + ye*2)/[1 q- ye212], (A1) 
with y = z/(F -- z) and ** =/z -- jr. Separating the real 
and imaginary parts, we obtain 
zX Re f= -- 2z/zv = -- 2ylzv, (A2) 
•ra 2 F-- z .•_ •2 _ •2 
zX Imf= -- F(F-- z) + z2(•/g 2 -- v 2) '-- -- 1. 
rra 2 F( F -- Z) '•- 2j2(•/g 2 -- V 2) 
(A3) 
Thus the straight line/z = -- v (Fig. 4) is the direction of 
the steepest ascent of Refas one moves away from the saddle 
point/z = v = 0 (or u =j). The line/z = v is the steepest 
descent. The Imfis constant along both these directions that 
makes them most suitable for evaluating the contribution 6I 
to the integral in Eq. (34) from the "dangerous" part of the 
integration path (the integrand does not oscillate along the 
path at which Imf-- const): 
61= --j exp(j' Imf) d__•_u exp(Ref). u 
Similar simple analysis hows that in the small vicinity of the 
saddle point u} = + 1 (u = 1 + el, el = a + 0g, 1), 
we have 
(ZA/rra 2) Re f= -- (2z2/F2y)ot•, (A4) 
(ZA/rra 2) Im f = -- z/F•'. ( A5 )' 
Once again, the oscillations of the integrand are minimized if 
one changes the integration path from the unit circle (a -- 0 
in this domain) to the line a = -/3. 
Thus the straight line between u =j and u = 1 [Eq. 
(38) ], which coincides with both/z = --v and a = --/3 
(Fig. 4), is chosen to replace the arc of the unit circle in the 
first quadrant. 
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